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ABSTRACT 
rrhis report is concerned with the analysis of the behavior of arch 
structures under dynamic loads. A numerical procedure is described for the 
computation of the dynamic response of circular arches subjected to transient 
forces for both the elastic range of behavior and for the range approaching 
failure. The problem is analyzed approximately by replacing the continuous arch 
by a framework consisting of a series of rigid bars and flexible joints. 
The scope of this investigation is described briefly in Chapter 1. The 
characteristics of the substitute framework are described in Chapter 2. In 
Chapter 3 the equations necessary for dynamic response calculations are derived, 
and an outline is given of the procedure for their solution. In Chapter 4 are 
presented the results of some studies on the computation of natural frequencies 
and buckling loads of uniform circular arches. The pertinent equations are 
formulated, and a number of numerical solutions are obtained for arches with 
fixed dimensions, by considering different numbers of bars in the analogous 
framework. These solutions are determined for the purpose of estimating the 
accuracy of the substitute framework. Included in Chapter 5 for convenience 
of reference, is a summary of existing formulas for the approximate calculation 
of natural frequencies and buckling loads of uniform, circular arches with 
hinged or fixed ends. 
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1.1 Object and Scope 
ANALYSIS OF CIRCULAR ARCHES 
CHAPrER 1 
INTRODUCTION 
This investigation is concerned with the response of arch structures 
.under dynamic loads. The purpose of this study is to develop metbods of analysis 
and design which -are capable of application both to the elastic range of behavior 
and to the range approaching failure. It is further desired that the methods be 
applicable to arches having any shape and any distribution of mass and stiffness. 
Effort on this program to date has been confined to a study of the 
response of circular arches, but no complications are expected in 'Considering 
structures of more genera.l shapes. Because of the inherently complex nature of 
the problem, an exact analysis, even when restricted to the elastic range of be-
havior,- is too complicated for use in a practical -application; therefore, it is 
necessary to introduce certain simplifying approximations. In this investigation 
the problem was simplified by replacing the continuous arch, which has an infi-
nite number of degrees of :freedom, by art' analogous framework consisting of a 
series of bars and joints and having a. finite number of degrees of freedomo The 
extent to which the behavior of the substitute structure approximates that of 
the actual continuous arch depends on the number of bars considered. The indi-
cations are that' a reasonably accurate solution may be achieve_d with a relatively 
small number of bars. Mathema.tically, the replacement of the original continuous 
system by a discrete system is analogous to the solution of the governing differ-
ential equation by, means of difference equations l The major advantage of So 
physical analogue is that it attaches physical significance to the various as-
sumptions and -approximations introduced in the analysis. This is particularly 
2 
true for the inelastic range of deformation for which the problem becomes con-
siderably more involved. 
The analogous frame-work has been formulated and a numerical procedure 
has been developed for its analysis 0 The procedure appears to be well suited for 
use ona digital computer and can readily be extended to non-circular arches 0 
The purpose of this report is to give a detailed description of the 
work accomplished to date. The characteristics of the analogous structure are 
described in Chapter 2. In Chapter 3 the equations necessary for dynamic re-
sponse calculations are derived and an outline is given of the procedure for 
their solution for both the elastic and inelastic ranges of behavior. In 
Chapter 4 are presented some studies on the computation of natural. frequencies 
and buckling loads of uniform circular arches. The equations for calculating 
these quantities are formulated! and numerical solutions are obtained for a 
particular arch by considering an increasing number of bars in the analogous 
structure. The approximate results found in this manner are compared with the 
best available estimates of the exact natural frequencies and buckling loadse 
The primary purpose of this study was to arr1 ve at an estimate of the accuracy 
of the substitute framework. A general review of approximate formulas for cal-
culating natural frequencies and Duckling loads is also included in this chapter. 
1.2 Notation' 
The letter symbols used in this report are defined where they are first 
introduced in the text. The most important ones are summarized below in alpha-
betical order for convenient reference~ 
Aj = area of the cross-section .at joint j 
t b A., A 0 = areas of the top and bottom flanges at joint j 
J J 
b = instantaneous set 
C = natural frequency coeffiCient, defined by Eq. (40l2) 
3 
distance f-rom the centroidal axis of the cross-section at 
joint j to the centers of the top and bottom flanges, 
respectivelyo 
d . distance between the centers of flanges at joint j 
J 
E. modulus of elasticity of material at joint j 
J 
F. concentrated external force acting at joint j 
J 
h rise of arch 
I . moment of inertia of the cross-section at joint j 
J 
L length of bar 
L span of arch 
o 
m. mass at joint j 
J 
M. = moment at center of joint j 
J 
M~, ~ = moments immediately to the left and right of joint j 
J J 
N j = axial force in bar j 
~t}= axial forces in the top and bottom flanges to the left and 
lb N. , 
J 
rfb j right of joint j 
p intensity of external pressure 
components of F. immediately to the left and right of joint j 
J 
and normal to the respecti ye bars 
Q 0 transverse shearing force in bar j 
J 
r radius of gyration of cross-section 
R radius of arch 
v. 
J 
tangential component of displacement of 
v. tangential component of external forces 
J 
joint j 
at joint 
w. radial component of displacement at joint j 
J, 
w. = radial component of external forces at joint j 
J 
j 
Yj tangential component o~ internal forces at jOint j 
Zj radial component of internal forces.at joint j 
a j angle between line of action ofF j and direction of the w j 
displacement 
5 . total change in distance between joints j-l and j 
J 
4 
portions of the total deformation of joint j to the le~ and 
right of the joint. 
5~t}= deformations of top and bottom fJa nges to the le~ and 
rb 
OJ right of joint j 
b,. deformation corresponding to the initiation of yielding 
e . angle between the line of action of F. when first applied to the 
J J 
arch and its line of action after de~ormation 
~ = mass per unit length of the arch 
S j rotation of central element of the three-bar system shown in 
Fig. 4.6 
It 
C1. , 
J 
cr:}= ,stresses in the top and bottom flanges to the left and 
{1 j right of joint j 
~ = central angle subtended by bar 
~o = angle of opening of arch 
?<'j = angle change at joint j 
ov1 ClVr 
A.j , "'j = angle changes to the left and right of joint j 
ljr j rotation of bar j 
w circular natural frequency of vibration 
5 
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CHAPrER 2 
SIMPLIFICATION OF STRUCTURE FOR ANALYSIS 
2.1 Characteristics of Replacement Structure 
Schematic drawings of a typical circular arch and of the analogous 
framework are shown in Fig. 201. The substitute structure consists of ·a number 
of flexible joints connected by bars of e<lual length. The bars are considered 
to be rigid both in bending and in.axial deformation, and, for convenience, they 
are assumed to be straight. Inasmuch as the flexibility of the structure is 
assumed to be concentrated at the joints, all axial and angular deformations 
take place at the joints. The individual bars are considered to be massless, 
and the actual distributed mass of the structure is lumped as a series of point 
masses at the joints. The characteristics at a joint of the substitute frame-
work are determined from the characteristics of the section of the true arch 
included between the midpoints of the adjoining segments. For a non-uniform 
arch the flexibili ties of the joints and the magnitudes of the concentrated 
masses will vary from one joint to the nexto 
In considering the behavior of the structure in the inelastic range, 
it is fUrther assumed that the cross-sectional area of the arch is made up of 
two flanges connected by a thin web, which is rigid in shear but resists no 
direct forces 0 A cross-section of this type is an idealization of a steel 
I-beam or wide flange beamo It also approximates a section of a cylindrical 
shell consisting of an I-beam stiffener withe. concrete cover. The analysis 
becomes considerably more complex for solid cross-sections; however, such a 
section may be considered by an extension of the ideas described in this report. 
The resi stance of each of the flanges is given by a bilinear stress-deformation 
diagram. 0 The areas of the top and bottom flanges may be different at anyone 
joint, and the total areas of the sections may vary from one joint to the next 0 
7 
The physical properties of the top and bottom flanges may differ J but no such 
variation from joint to joint has been considered in the e~uations presented in 
this report. A variation in the physical properties from joint to joint could 
be handled, but there appears to be no practical reason for considering such a 
variation. 
Concentrated Mass 
Flexible Joint 
~~sless Rigid Bar 
~ 
~:rr~k 
FIG;, 2 .. 1 STRUCTURE CONSIDERlSD IN ANALYSIS 
La 
Original Arch 
z-/ ~ ~ 
0) 
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CHAPrER 3 
FUNDAMENTAL EQUATIONS FOR DYNAMIC RESPONSE CALCULATIONS 
301 Designation of Joints 
The joints of the analogous framework are numbered consecutively in a 
clockwise direction starting with zero at the left end and terminating with z 
at the right end. The bars are numbered in the same order from 1 to z 0 Bar j 
is the bar connecting joints j-l and jo 
The configuration of the ,deformed structure is defined by the displace-
ments of the joints, measured from the undeformed position of the structure. The 
displacement of a joint j is expressed in terms of its radial component, wj ' and 
its tangential component, v j . The component W j acts along a radius through 
joint j and is positive when outward. The component Vj acts ,along an axis per-
pendicular to the radius through joint j and is positive in a clockwise direction 0 
302 E~uations of Motion in Terms of Forces 
3.2.1 General 0 The forces acting at the ends of a representative bar 
and j oint are sho'WIl in Fig. 3 01. They include the axial thrust, N, the trans-
verse shearing force, Q, and the bending moment, Mo An axial thrust is positive 
when it produces tension 0 A shearing force is positive when it tends to rotate 
an element of the arch ina clockwise direction. A bending moment is positive 
when it produces compression in the exterior fiber of the arch. The concentrated 
external force at joint j is denoted by F., and the angle between its iine of 
J 
action and the direction of the Wj displacement is denoted by ~j. The radial 
and tangential components of the external force are considered to be positive 
when they act in the positive directions of the corresponding displacements. 
In Fig. 3.1 all forces are shown in their positive directions.: 
10 
Referring to Fig. 3.1a and considering the equilibrium of bar j, one 
finds that both N j and Q j are constant along the le~gth of the bar, and that 
Q. is related to the moments acting at the ends by the equation, 
J 
MI. ~-l Q. = ............ j_ ....... _-
J L 
where L is the length of the bar. The superscripts I. and r designate, respec-
tively, the values of the moment to the left and to the right of joint j. The 
total change in the distance between joints j-l and j is denoted by 0 .. Also, 
J 
o~ and O~_l designate the components of the total deformation occurring at 
joints j and j-l, respectively. Thus, 
r i. 
O. = O. 1 + O. J J- J 
The quantities 0., 0:, and o~ are measured along a reference axis which passes 
J J J 
through the centroid of the cross-sectional area of the analogous framework. If 
the cross-section consists of more than one material, the centroid is determined 
from the transformed cross-section. 
Consideration is next given to the equilibrium of moments at the joint 
about an axis normal to the plane of the framework c Referring to Fig 0 3 ·lb and 
i. defining M. to be the moment at the center of joint j, one finds that M. and· 
J J 
~ are given by the equations., 
J 
The last term in each of these equations represents the moment ::produced by the 
shears as a result of the deformations at the joint. They are likely to be im-
portant only for large axial deformations. Substituting these expressions into 
Eq. (301) and making use of Eq. (3.2), one obtains, 
11 
From the preceding discussion it follows that the axial ,thrusts and shearing 
forces are essentially defined at the centers of the bars, whereas the bending 
moments are defined at the centers of the joints. 
The equations of motion for mass mj in the radial and tangential 
directions.are as follows~ 
where Z. represents the component of all internal forces acting at joint j in 
J 
the direction of the positive Wj displacement, and Wj represents the correspond-
ing component of the external forces . Similarly, Y j designates the component of 
all internal forces acting at joint j in the direction of the positive v. dis-
J 
placement 7 and Vj designates the corresponding component of the external forces 0 
A dot superscript denotes differentiation with respect to time. Thus, W. and 
J 
V. denote the radial and tangential accelerations of the jth mass. 
J 
3.2.2 Components of ReSisting Forces. In the following derivation of 
the static relations the effects of the deformation of the structure are taken 
into account. Referring to Fig. 3"lb and summing the components of all internal 
forces in the radial (vertical) direction, one obtains the following expression 
for Z. ~ 
J 
(3 0 6a) 
where t, with the appropriate subscript, denotes the rotation of a bar and cp 
d.enotes the central angie subtended by the bar. 
12 
If the deformations are small, such that sint ~ t and cost ~ 1, 
E<l. (30 6a) can be written in the following form by making use of the trigono:-
metric identities for the sum and the difference of two angles: 
+[Q. -Q. IJcos ~2 + [Q.t. + Q. It. l]sin ~2 J J+ J J J+ J+ 
In a similar manner, by summing the components of all internal forces 
in the tangential direction (horizontal, for Fig. 3.lb), the following e<luation 
is obtained for Y .: 
J 
- Q.sin(22 - *.) - Q sl'n(2 + * ) 'I' • I 2 '1'. l' J J J+ J+ , 
For small displacements this reduces to 
Y. = - [N. - N. l]cOS ~2 - [N.t. + N. It. l]sin ~2 J J J+ J J J+ J+ 
It may be recalled that the shearing forces Q. and Q. I in the above equations 
J J+ 
are related to the bending moments M. l' M. and M. 1 by E<l- (3.3)· 
J- J J+ 
3.2.3 Components of External Forces. In order to express W. and V. 
J J 
in terms of the total force F., it is necessary to know or assume the line of 
J 
action of F. as the structure deforms. Let, 
J 
(F ). F .cos ex. 
w J J J 
If in the process of deformation F. remains parallel to its original direction, 
J 
then, 
W
J
. = (F ) . 
w J 
V. = (F ) . 
J v J 
13 
To obtain general expressions, let ej represent the angle between the line o~ 
action of Fj when first applied to the structure and its line of action after 
deformation, as shown in Fig. 3.1b. Then, 
.An important practical case is one in which the structure is sub-
jected to a pressure which is normal to the surface. In this case it is con-
1 
venient to express the concentrated force F. in terms of a component P. which 
J J 
is normal to the bar immediately to the left of the joint, and a component F. 
J 
which is normal to the bar immediately to the right of the joint 0 These com-
ponents, considered to be positive in the outward direction, can readily be 
evaluated in terms of the normal pressure. Then, 
W. 
J 
P: cos(~2 - 1/1".) + F. cos(:E2 + 1/1". 1) J J J J+ 
where, as previously noted, 1/1". is the rotation of bar j. For small displace-
J 
ments these equations become, 
(3 0 12b) 
3.3 Displacement-Deformation Relationships 
In Fig. 3.2, an and aVb? represent, respectively, the positions of 
bar j before and after deformation. Let the projection a' c' of the deformed 
14 
bar on the undef'ormed bar be designated by L + B.; then 5. can be expressed in 
J J 
terms of the displacements of joint j-l and j as follows: 
Similarly; let the projection cfb' of the deformed bar in a direction normal 
to the undeformed bar be denoted by L~.; then, 
J 
- 1 ( ). cp ( ) cp tj = L [ Vj + V j _l Slll 2 - Wj - wj _l cos 2] 
In terms of' OJ the length afb' can be expressed as, 
whence 
L + O. = LA I~: + (1 + B ./L) 2 
J Y J J 
The rotation of the bar, t., can likewise be expressed in terms of 
J 
5. and t. as follows~ 
J J 
1 t. 
tj = tan- _~J_ ~ t.(l - B./L) 
1 + B./L J J 
J 
One also finds that 
t. 
sin t. J ~ ~.(l - B./L) 
J Art: + (1 + B./L)2 J J 
Y J J 
1 + B./L 1 -2 
cos t. = J ~ 1 - 2 I/rJo 
J .l.ijfT2 I (1 I 5/T\2 V j -r \ -r j J-J) 
It is noted that the ~uantities 5. and~. represent the first order approxima~ 
J J 
tions to the change in length O. and to the rotation t .. 
J J 
The angle change at joint j, denoted by~., is given by the expression, 
J 
and its first order approximation, ~j' is as follows~ 
304 Deformation~Force Relationships 
The equilibrium equations and the geometrical relationships developed 
in the preceding sections are valid irrespective of the properties of the mater-
ial composing the structure 0 However, in the formulation of the de format ion-
force relationships, a distinction must be made between the expressions appl~-
cable to the elastic and inelastic ranges of behavior. 
30401 Elastic Range of Behavioro The deformations to the left and to 
the right of jointj are gi yen by the following equations: 
£ L N. o =....:-L j 2 E .A. 
J J 
!: Nj +l 
2 E.A. 
J J 
The symbols Eo and A. represent the modulus of elasticity of the material and 
. J J 
the cross-sectional area at joint jo If the cross-section consists of more than 
one material, the values of these quantities are those of the transformed cross= 
sectiono Combining Eqs 0 (3017) by use of Eqo (302) and solving for N j' one 
obtains the expression, 
N. 2 
J 
E.A. O. 
J J --.J. 
E oA. L 
1 + J ,] 
-.Eo lAo 1 J- J-
Fora uniform arch the coefficient 2 cancels with the terms in the denominator 0 
The bending moment, M" is given by the equation, 
u 
E I 
M = -~~ j L j 
where I j represents the moment of inertia of the cross-section at joint jo 
The. expressions for 5 j and Xj to be used in EClS 0 (3 0 18) and (3019) 
depend 6n the degree of approximation desired 0 . In general, for small deforma~ 
tions it will be sufficiently accurate to'use the first order approxim.ations 
as represented by EClS. (3014a) and (30l6a), but for greater accUracy Eqso (3014b) 
and (30l6b) should be used instead 0 
3 ~ 4.2 Inelastic Range of Behavior 0 As already discussed in Cha.pter 2, 
the analysis for the inelastic range of behavior is restricted to cross~sections 
which can be approximated by a' section consisting of two flanges. The relat.ion-
. -. 
ship between the stress and the deformation for each flange is considered to 
be represented by a bilinear diagram as shown in Fig. 3030 The slope of the 
first line is denoted by E, and that of the second line J by Eo For an elasto-
plastic stress-deformation relationship, E is equal to zero ° The deformation 
which corresponds to the initiation of yielding,ioeo, the point of intersection 
of the two straight lines~ is denoted by ~o Unloading is considered to occur 
along a line with a slope ofE, as shown in the figure 0 The instantaneous set, 
b, is the intercept on the 5-axis of the unloading 'lineo 
Whereas for elastic response the axial force, N., and the moment, M., 
. . J J 
can be determined directly from 5. and 5c: 0' the same procedure cannot be used 
J J 
if inelastic behaviori.s to'be consideredo In this case it is first necessary 
to compute the deformations of the flanges 0 The forces in the flanges at each 
of the joints can then be determined from the stress=deformation relationships 0 
Once these have been evaluated, Nj and Mj can readily be determined 0 
details of this procedure are described in the following paragraphs 0 
The 
The equations for determining the deformations of the individual 
flanges in terms of 5. and ex. can be developed by considerations of compatibility J J . 
1 . r 
and equilibrium. As before, o. and 0 0 denote the deformations to the left and J . J 
right of joint j 0 The superscripts t and b( will be added to these. sYmbols to 
identify the deformations in the top and bottom flanges. rt For example, 5. 
J . 
denotes the deformation in the top flange on the right side of joint jo 
From Figo 3.4 it can be seen that 
t b 
_ 
c; b c, t 
51 ~ 51 + ~ o~ j - d. j d. J 
J J 
17 
where d j denotes the distance between flanges, and c~ and c~ denote the distances 
from the centroidal axis to the top and bottom flanges, respecti velyo Applica-
tion of EClo (302) yields the following relationship: 
to . 'to. 
J 
t b t b 
c' l orb c' l ort ~ oib. . c. it J- J- +~. o· 5 j d. 1 +-- j-l + d.- j = j-l d. 1 d. j J- J- J J 
An analogous procedure is followed to relate the flange deformations 
With '-..~ and "-~ denoting the angle changes to the le:rt and right of 
J J . 
joint j, respectively, the following expressions are obtained: 
Since, 
it follows that 
1. r 
Xj = "-j + ~j 
1 (_ 0 £b + o1t _ 0 rjb + o~t) = )(.. 
d. j j J J 
J 
Two additional relationships are obtained by considering the eCluili~ 
brium of the jth bar and the jth joint.. The forces in the flanges are indicated 
;' 
in a manner similar to that used to identify deformationso rt Thus, Nj denotes 
the force in the top right flange at joint j. Considering the e~uilibrium of 
bar j, one obtains the eCluation, 
If the small moments Q5 produced by the shearing forces on either 
side of a joint are assumed to be negligible, the following equilibrium equation 
is obtained for the jth joint: 
(}023a ) 
It is important to notice that the forces appearing in Eqs. (3.22a) and (3023a) 
rb rt· 
are actually fUnctions of the deformations 5. , 5. , etc., which are to be 
J J 
evaluated. These forces are related to the deformations through the stress-
deformation diagram. However, in order to express them in terms of the corre-
sponding deformations it is necessary to know the region Of the curve in which 
the deformation is located. In general this region is determined from a know-
ledge of the past history of the deformationso 
For a structure with z bars, there are a total of 4z unknown flange 
deformations, four at each intermediate joint and two at each of the end joints 0 
By application of Eqs. (30 21a) and (3. 23a) to each joint and Eqs. (30 20a) and 
(3022a) to each bar, one obtains 4z-2e~uationso Two additional equations 
result from the conditions at the boundaryo The boundary condition equations 
are specialized forms of Eqso (3821a) and (3023a)0 For example, with a hinge 
at joint 0, M is equal to zero, and Eq. (3023a) becomes, 
o 
If joint ° is fixed, Eqo (3.21a) becomes 
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Thus J one obtains 4z e~uations which relate the 4z unknOWll deformations to OJ 
and Xj . The solution of these equations results in.a c0191ete detenrlnation 
of the changes in length of the flanges. 
Once the flange deforaations have been calculated the correspondi~ 
forces can be (;omputed by use of the stress ""de format ion diagrams d The total 
axial force, Nj]is found from the expression on either the left or right side 
of Eqo (3022a),and the moment, Mj , is determined by use of the left or right 
side of E~o (3023&)~ 
EClUations (3020&), (30 2la), (3 0 22&), and (3023&) can. be restated in 
a form which is more convenien.t for numerical evaluation of the unknowns if the 
:f'orces are expressed. in terms of the deformations using'parameters which. define 
the characteristics of the bilinear diagrmn 0 In terms of' stresses, the resist-
ing forces in the flanges are given' by the follo-wing :equations g 
Nlb lb Ab J = O'j j 
Nlt It At j = CJ j j 
lb 
The stresses in the flanges, OJ , etco, are designated .according to the system 
of superscripts pre-viously describedo The tran.sf'ormed areas of the top and 
. t b bottom flanges at joint j ·e;roe denoted by Aj and Aj' ree:pectivelyo 
For the bilinear stress-deformation diagram considered, the stress 
in each of the flanges can be expressed in the form, 
a :::: (~o + )'~)E 
where ~ and rare dimenqionless Cluanti ties which assume different values 
a.ccor~to tke: ran.ge. ofthe-~ c;-fi diagram in: whieh ·the, deformation 'i~ -locatedo . 
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Hereafter, this range .will be referred to as the operating range 0 The quantity 
~ is the ratio of the slope of the· line in the operating range to the slope, E, 
of the . elastic line o· For th~ elastic and unloading ranges; 'Y is equal to the 
ratio of the instantaneous set to the yield deformation 0 For the inelastic 
range ,'Y is equalt6 . .::!: (1 - ~) ,where the plus. sign is used forposi tive defor-
mations and conversely 0 For example, in the elastic range S is equal to unity 
and !' is equal to zero 0 For a pos.iti ve de formatl on in the inelast·ic range, 
s' = E/E and}' = (1- E/E) .. Now let, 
·t A. 
11 _--.sl j - A. 
J 
where A ;Ls a standard reference area . Also, let 
Ab 
c~ = .-.J.
A
" d. 
J . J 
J 
With this notation and with the aid of Egs 0 (:3 0 24) and (3025),. Eqs 0 (:3 0 20a) to 
(:3 o23a) becnme,9 
. Lb b It t 
+ ao(l - 11')'j ~ + a'~'/j ~ J J. J J 
2l 
It· follows from the above discussion that the computation of Nj and Mj 
from the quantities 0 j and Xj involves the solution of a set of' simultaneous 
equations 0 The computer time required for such··&, solution may amount to several 
minutes 0 • For a dynamic response analysis these steps may have to be repeated 
several hundreds of times 0 Consequently, the time required to effect a com-
plete solution of the problem by this method may be excessive, and an alterna-
tive :procedure ·is desiredo 
If it is assumed that one .... half of the angle change at a joint takes 
place on each side of the joint and that the change in distance between joints 
is pro~ortioned to the two joints inversely according to the areas of their 
cross-sections, then the unknown deformations &re given directly by the follow"" 
ing equations: 
olb 
j = 
a j _l 0 
a j + aj..,l j 
1 bX 
.... "2 c j J 
ott 
a 
1 t~ j-l 0 + 2' co. j a j + a j _1 j J J 
a. 1 
(3,,26) 
orb J+ a 1 C~~j = .., "2 j a j + a j +l j+l 
art 
j = 
a j +l 0 1 t~ + - C 
a j + a j +l j+l 2j j 
These equations yield exact results when all of the flange deformations remain 
within the elastic rangeo 
When the deforma.tions of the individual flanges are determined from. 
Eqsc (3026), the moments on each side of the joints and the ·axial forces at 
each end of the bars will not be equal as required by the equilibrium equations 
22 
( :; 0 2280) and (:; 0° 2;a) 0 The f'ollo'Wing averaging procedure can then be used to 
evaluate these ~uantities~ 
305 Method of Solution 
The :problem of determining the dynamic response of the structure con= 
sidered herein is essentially one of' satisfying the two equations of motion, 
Eqso (;04) and (305), for joints l through z-l. With the aid of the relation"" 
ships established in the preceding sections, it is possible to express these 
equations in terms of displacements and to solve the resulting equations 
numerically, using a step-by-step .method of integration 0 In passing, it may 
be of interest to note that the resulting equations constitute a system of' 
2(z-l) sDnultaneous, non-linear differential equations of the second ordero 
In the proposed method of solution, the time during which the response 
of the system is to be determined is divided into a number of small time inter-
vals, At, and for each interval the equations are solved by means of an itera-
tive scheme6 .The procedure is described by assuming that at some time t the 
n 
values of the displacements, veloCities, and .accelerations of all joints are 
known, and that it is desired to determine the corresponding quantities for 
a time t l' which differs from t by the interval ~to 
n+ n 
10 The solution is started by assl.lJ1!.ing the values of' the radial and 
the tangential accelerations for each joint at the end of the time interval 
considered 0 These values· can be taken equal to those for the beginning of the 
interval, or they 'can be estimated on some other basis 0 
20 .An assumption is then made regarding the manner in which the 
accelerations vary during the small time interval J and the values of the 
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veloei ties and Cl,isplacements ·at the ends of the interVal are evaluated .in terms 
of the assumed accelerations .and the known accelerations, velocities, and dis-
placements at the beginning of the interval. The following equations due to 
No M. Newmark will.beused: 
In these expressions x .may be interpreted either as the radial displacement, 
'Wj , or the tangential displacement, v j ' of joint jo As before, a dot superscript 
denotes differentiation with respect to timeo The subscripts n and n+l refer to 
times t and t l' respectively. ~ The dimensionless parameter f3 depends on the 
n' n+ 
assumption made regarding the variation of the acceleration within the interval 
At 0 For a linear variation 13. = l/6 c> 
30 From the values of the displacements at the end of the interval, 
the .changes of length androtati.ons of the bars and the angle changes of the 
joints are:eyaluatedusingEqs" (3,,14), (3015), and (30l6)" 
For each joint the forcesW j and VJ are then evaluated by use of 
.Eqs 0 (3012) and (3013) <> (It is assumed that the load on the arch arises from 
a normal pressure 0 ) Next the axial forces , bending moments , shears, and t.he 
forces Z. and Y. are determined 0 For an elastic arch this is accomplished by 
J J 
use of'Eqso (3018), (3,,19), (303), (3 0 6), and (307), respectively 0 When 
inelastic behavior is to be considered, it is first necessary to determine the 
deformations of the flange elements .at each joint 0 An exact an8.lysis of the 
model requires the use of Eqso (3020) to (3023)0 The values of the parameters 
~ andy .are determined from the corresponding deformations at time t 0 Having 
. n 
evaluated the deformations at time t l' one computes the f'orces in the flanges 
n+ 
by use .of the appropriate stress-deformation curves 0 Finally, N j and M j are 
24 
calculated from EClS ~ (3. 22a) and (30238) 0 The shears and the forces Z. and Y . 
J J 
are f'ound from ECls ... (30:;), (3.6), and (3c7) 0 If the deformations are deter-
·mined from the appro~ma.te formulas} EClS: (3026), the procedure is the same as 
in the.exact analysis .except that Eqso (3.27) and (3028) must be used in cal-
culating the axial forces and moments 0 
50 The resulting values of 'Wj , VJ,Zj' and Yj ·.are then substituted 
intoEqs 0 (304) and ( 3,,5), and a new set of' ac celerations i.s determined. The 
radial accelerations are obtained from ECl. (3.4), whereas the tangential accel-
erations are obtained from E,!,,. ( 3 .. 5) .. 
60 The derived accelerations are finally com.paredwi th the assumed 
values.. If' the agreement is not satisfactory, the process is repeated with 
the derived accelerations taken as the new assumed accelerations. Whena 
satisfactory degree of agreement is reached between assumed and derived values, 
one proceeds to' the next time interval and repeats the procedure 0 
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CHAPrER 4 
STUDIES ON NATURAL FREQUENCIES AND BUCKLING LOAnS 
In this section are presented equations for calculating the natural 
frequencies and modes of vibra.tion of a circular arch of uniform cross-
section and mass per unit of length & The equations are developed for the 
case in which the arch is compressed by a uniform. static normal pressure of 
intensity p. These eCluations maybe .usedalso to calculate the buckling 
pressures 0 
4.1 Derivation of Equations 
The problem is linearized by assuming that under the action of the 
external normal pressure the arch maintains its circular shape and undergoes 
only a uniform compressiono Physically, this assumption is equivalent to 
considering that the ends of the arch are fastened to the supports after 
application of the pressure.. In the following we shall consider only small 
oscillations measured from this uniformly compressed position of equilibriumo 
The quantities w j and v jWill be interpreted as "the radial and tangential dis-
placements of joint j measured from this compressed position of equili'briumJ 
and R will be interpreted ·as the radius of the compressed archo 
The axial forceN. is expressed in the formJ J 
N j = - ~ J>L. cot ~ + N j 
where the first term represents the force due to the uniform compression and 
Nj represents the force associated with the di-splacements w and vo The follow-
ing expressions for Z. and Y. are obtained by substituting Eqs" (401) and 
J J 
( 303) into Eqs. (30 6b) and (3. 7b) " Terms containing products of N 9 wi tht 
and M with V are neglected. 
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Z. 
J 
N v Nt . cp 1 M 
-r j + j+l]sln 2 - I[ j-l 
cP If) cP cP 
+ pL cos 2 + 2 pL\~j_1 - ~j cot 2 cos 2 
(402) 
In establishing the expressions for the external forces Wo and Vo the 
J J 
extension of the arch axis is taken into account 0 It is noted that, 
wherein the changes in length, 0, are those associated with the w and v dis-
placements 0 Substituting these expressions into Eqso (3012b) and (3013b), and 
neglecting the terms involving products of ° and ljr, one obtains 
w. = 
J 
~_l ( ) cP I ( )" cp pL cos 2 2 p 0j+l ~ OJ cos 2 + 2 pL ljrj+l - ljrj Sln 2 
and (403) are now expressed in terms of deformations, and all deformations in 
the resulting equations and those in Eqso (404) and (405) are expressed in 
terms of displacements using the first order approximations given in Eqso (3014a}j 
(3015a), and (3ol6a)0 The resulting expressions for ZjJ Yj , Wj and Vj are then 
substituted into the two equations of motion, Eqso (304) and (305)0 Since at a 
natural mode of vibratioR each particle performs a simple harmonic motion, the 
lef,t hand sides of these equations are given by the expressions, 
m.w. 
J J 
2 
= - w mow 0 
J J 
29 
in whichw is the circul-ar frequency of vibra.tion 0 
Letting J..I. denote the mass :per unit of length of the arch and r the 
radius of gyration of the cross-section, and introducing the notation, 
c = tan ~ 2 
pR3 k =-
o EI 
( 4·9a) 
(4 .. 8b) 
one obtains the following expression for the equation of motion in the radial 
direction, 
+ [cv j _2 "" c(2 + p)V j _1 + c(2 + p)V j +1 - CV j +2 ] 
=hW j + k {l-(2 + 1/C2)W j _1 + 2(1/C2)W j - (2 + 1/c2)W j +1l 
The corresponding equation for the tangential direction becomes, 
J -
I 
30 
[~CW j-2 +c( 2 + p)w j-l .- c( 2 + p)w j+l + cw j+2] 
2 2 2 
+ [-c Vj _2 - pVj _l + 2(p + c )Vj - PVj +l - c v j +2 ] 
~Vj + k{[CWj _l - cWj+ll + [-V j _l + 2v j - vj+ll} 
~ 0 0 • (4011) 
The left sides ·of Eqs. (4810) and (4011) are applicable only to joints 
2 ~ j ~ z-2; in deriving the corresponding expressions for joints 1 and z-l 
it is necessary to consider the boundary conditionso The resulting exp~essions 
for j = 1 are presented in pattern form in Fig. 4010 Reproduced in this figure 
for convenience of use are also the expressions for a general interior point. 
Application ofEqs 0 (4.10) and (4.11) (or of the specializedeCluations 
for points near the boundary) to each of the z-l joints results ina system of 
2(z-1) homogeneous linear algebraic equations which may be written in,the 
abbreviated form, 
wherein A and B are symmetric matrices of order 2( z-l), and X isa column 
matrix of the displacements wjand Vjo The g(z-l) characteristic roots and 
vectors of this equation correspond to the natural frequencies and modes of 
vibration of the system ... 
For symmetrical structures the natural modes of vibration are either 
symmetrical or antisymmetrical with respect to the cent~r lIne 0 By taking 
cognizance of this fact, it is possible to determine the complete set of 
natural modes and the associated :frequencies by solving two characteristic 
value problems, each of order z-l, instead of one of order 2(z-1). 
Equations (4.10) and (4011) show that the natural frequencies depend 
on (a) the magnitude of the external pressure as represented by the dimension= 
less parameter k, (b) the geometrical dimensions of' the arch which can be 
specified ill terms of either the s.ngle of opening CPo (= zq:» or the rise-to=span 
ratio h/L , and (c) the ratio of span to radius of gyration, L Ir, (or the o . 0 
equivalent ratio R/r) 0 Throughout the remaining parts of this report the 
quantity L Ir will be referred to as the ~~slenderness ratio~!. The accuracy 
o 
of the solution is naturally dependent on the number of bars considered in the 
replacement structure 0 
The equations for calculating the buckling pressures are obtained-from 
Eqso (4.10) and (4.11) by setting A.= 0 and considering k asunknown~ Proceed-
ing in the manner described in connection with the calculation of natural 
frequencies, one obtains the characteristic value problem, 
AX ,.. kBX = 0 
where, as before, A and B are symmetric matrices of order 2(z-1). The solution 
of this equation yields 2( z-l) buckling pressures 0 These critical pressures 
depend not only on the angle of opening ~ but also on the slenderness ratlo, 
o 
L Ir. 
o 
402 Numerica.l Solutions for Natural Frequencies and Buckling Loads 
402.1 Example ~onsideredo The equations developed in the preceding 
section were used to evaluate the natural frequencies, buckling loads, and the 
corresponding modes for a two""'hinged arch and .8, fixed arch of constant cross-
section 0 In both cases" the dimensions of the arch were as follows~ 
~ = 0020 (Corresponds to ~o = 8702°) 
o 
L 
o 
-= 
r 
100 (Corresponds to !i = 7205) 
r 
In the determination of the natural frequencies, the arch was considered to be 
unloaded, ioe., p = 00 
Solutions were obtained by considering.an increasing number of bars 
in the analogous framework. For the two-hinged arch 4, 6, 8, 10, 12, 16 and 
-
1 
.r 
). 
I 
~ 
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20 bars were considered; for the fixed-ended arch solutions were obtained for 
10, l2} 16 and 20 bars 0 The results :were compared with those determined by 
extrapolation to an infinite number of' bars and those obtained :from· solutions 
of the differential equations. The primary purpose of this study was to 
evaluate the effects of increasing the number of bars and thus obtain an 
estimate of the accuracy of the bar-and-joint analogue used in the analysis 0 
Symmetrical and antisymmetrical.modes of vibrat::Lon were considered separately, 
and the characteristic roots and vectors were evaluated on the Illiac, the 
electronic digital computer of the University of Illinois, using a standard 
library routineo 
4.2.2 Presentation of Results 0 The most si.gnificant results of this 
study are summarized in Tables 401 to 404. 
The natural frequencies of the hinged arch are given in Table 401 
where the circular natural frequencies, w, are expressed in the form) 
w ~VEI 2 jJ. L 
o 
Values of the frequency coefficient, C, corres:pond:1.ng to symmetrical andant::i..~ 
symmetrical modes are given in two separate groups 0 In each group only those 
:frequencies are listed which are numerically smaller than the tenth natural 
frequency of a system of' 20 bars 0 In thi.s table are also presented values 
. extrapolated to an infinite number of bars as well as values obtained by 
Waltking (8)* from solutions of the differential equations 0 
2 Inasmuch as the error appears to be of order L , the extr8:POlated 
2 
values were obtained by use of Richardson v sL -extrapolation formula (7), 
* Numbers in parentheses, unless otherwise identified, refer to the Referenceso 
where ~ and w£ represent the fre~uencies .corresponding to a solution for k 
and 1 bars, respectively, and ~ £ represents the extrapolated fre~uency 
, 
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obtained from ~ and w £ 0 The ~uanti ties ~and ex 1 are numerical coefficients 
dependent on the ratio Ilk. For example, for 
11k = 5/4 - 1 0 77778 
11k = 6/5 
ex 1 2 0 77778 
The extrapolated values given in Table 1 were calculated from the solutions 
for 10 and 12 bars and for 16 and 20 bars. The values obtained from the 
solutions of the differential e~uations were read from graphs included in 
Waltkingts paper, and they may not be accurate to the number of significant 
figures reported. Since solutions of the differential e~uations corresponding 
to the higher natural fre~uencies are not available, the extrapolated values 
obtained from the 16 and 20 bar solutions will be assumed to be close to the 
corresponding fre~uencies of the continuous arch and, unless otherwise noted" 
they will be referred to as the fUexactVV fre~uencies. 
The natural fre~uency coefficients for the fixed-ended arch are 
given in Table 4.2.. The mode of presentation is identical to that of Table 4.10 
The buckling loads for arches with hinged and fixed ends are presented 
in Tables 403 and 4.4" respectively. 
the form, 
The buckling loads, p , are expressed in 
cr 
k EI 
o R3 
As in the case of the natural fre~uency solutions, the buckling coefficients, 
k " are given in two different groups corresponding to the symmetrical and 
o 
antisymmetrical modes. For the antisymmetrical modes the ten lowest buckling 
loads based on the solution of the system with 20 bars are listed; for the 
symmetrical buckling modes" the eleven lowest coefficients are presented. 0 
Extrapolated values, calculated by use of Richardsonvs L2. formula, are also 
included in these tables. 
402.3 Discussion of Results. In the following table the eight lowest 
natural fre~uency and buckling coefficients for a two-hinged arch are compared 
with the best estimates of the corresponding coefficients for a continuous archu 
In each case the percentage differences between the two sets of results are 
als 0 tabulated. 
. Two-Hinged Arch 
Number Order of Fre~uency or Buckling Load 
of Bars 1 2 3 4 5 6 7 8 
( a) Fre~uency Coefficient, C 
20 27·93 63·6 121.1 130.8 19203 26402 315.4 356·3 
(10 28.1 64.5 125 132 202 281 320 394 
% Diff. 0.6 1.4 3·1 0·9 4.8 600 1.4 9·6 
(b) Buckling Coefficient, k 
0 
20 15092 36·35 65·03 100.14 141·52 187072 237·91 2900~3 
00 16.0 37·0 67·1 105 150 200 270 340 
% Diffo 0·5 108 3·1 406 5 07 6.1 1109 1405 
It is seen that for all practical purposes, the agreement between approximate 
and Hexact!! frequencies is fairly satisfactory. Referring to Table 4.1, one 
observes that for the higher natural fre~uencies the agreement is considerably. 
less satisfactory; however, this is not very significant since the contribu-
tion.ofthe higher modes to the total response is generally small 0 The approxi-
mate and "exact Vi buckling coefficients do not agree as well as the frequency 
coefficients, but nevertheless, . the approximate results appear to be satisfactory, 
especially for the lower values. 
A similar table giving the eight lowest fre~uency and buckling coeffi-. 
cients for the fixed-ended ~ch is given below~ 
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Fixed-Ended Arch 
Number Order of Frequency or Buckling Load 
of Bars 1 2 3 4 5 6 7 8 
"( a) .. Frequency Coefficient, C 
20 45.04 . 78.8 133·3 149·1 226.6 287·6 326.4 393·8 
-
46.0 81.2 134' 158 244 300 350 450 
% Diff. 2.1 3·0 0·5 5.6 7·1 4.1 6·7 1205 
(b) Buckling Coefficient, k 
0 
20 33·90 54.19 97.50 130.16 185002 225·54 287 ·92 331005 
co 34.5 56.2 103 140 204 256 340 400 % Diff. 1·7 3·6 5·3 7·0 903 11·9 15·3 17·2 
Figures 4.2 and 4~3 show the effect of increasing the number of bars 0 
In Figs. 4. 2aand 4.2b the first four buckling loads and natural frequencies 
of the two-hinged arch are plotted ·as a function of the number of bars considered 
in the solution. Only the solid-line curves are applicable to the present dis..., 
cussion. The significance of the broken lines will be discussed in Section 403.10 
It is noted that both frequency and buckling coefficients increase at first 
qui te rapidly and then a.t a substantially reduced rate 0 There appears to be a 
limit beyond which an increase in the number of bars produces an insignificant 
improvement in the computed values. The same general conclusion applies to the 
curves shown in Fig. 4.3 which pertain to the fixed-ended arch, although the 
initial increase of the coefficients is more gradual in this case. 
The natural modes of vibration corresponding to the lowest six natural 
frequencies of the two-hinged arch are indicated by the solid line in Figs. 404a 
and 4.4b" It is of interest to note that, except for the second symmetrical 
mode, these ,modes are predominantly flexural (ioe., the axial deformation of the 
arch axis is extremely small). For the second symmetrical mode both the flexural 
deformation and the axial deformation are important. The pattern of the flexural 
component of deformation is very similar to that of the first symmetrical modeo 
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The natural modes of vibration for the fixed-ended arch are shown in Figs. 4.5a 
For purposes of comparison the buckling modes of/these arches are also 
given in Figs. 4.4 and 4.5. It can be noticed that the buckling coefficients 
given in the last columns of Tables 403 and 4.4 are very much larger than any of 
the other coefficients. It has been found that for a particular number of bars 
all higher buckling coefficients are approximately equal to those presented in 
the last columns. The modes which correspond to these buckling loads consist 
almost entirely of axial deformation between joints with little, if any) change 
in the over-all configuration of the structure 0 
4.3 Supplementary Studies on Natural Frequencies 
4.3.1 Solutions Considering Mass to be Distributed. The equations 
for calculating the natural frequencies were also determined by considering the 
mass of the arch to be uniformly distributed along the bars of the substitute 
structure instead of concentrated at the joints. 
The governing equations can be established most conveniently by appli~ 
cation of Lagrange's equations of motion. A detailed derivation is presented 
in AppendixA. 
The left sides of the resulting equations are identical to the left 
sides of .Eqs. (4010) and (4.11).. If it is assumed that the displacement of any 
point of bar j varies linearly between the ends of the bar) then the right sides 
of the equation can be obtained from Eqs. (4010) and (4011) by replacing the 
terms ~w. and ~v. by the following terms, respectively} 
J J 
f... ~J[ coscpw
J
' -1 + 4w. + coscp·w. 1] + [sincp·v. 1 - sinCl'v. ,]\ o~ J J+ J- J+~~ 
( 4.16) 
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With the aid of these modifiede~uations numerical solutions have been 
obtained for an arch of the same dimensions as that considered in Section 4.20 
For hinged - boundaries 4} 6} 8, 10, 12, 16 and 20 bars were considered, while 
for fixed boundaries 10, 12, 16 and 20 bars were considered 0 These particular 
structures are the same as those analyzed with the concentrated. mass approxima,= 
tions so that the results can be compared directly. The results are presented 
in Tables 405 and 4.6. 
These results show that the natural frequencies obtained by consider-
ing the mass to be distributed along the bars are significantly closer to the 
!?exact ti frequencies than are those obtained by considering the mass to be con~ 
centrated at the joints., For example, referring to the values corresponding to 
the first four symmetrical and first four antisymmetrical modes in Tables 4.1 
and 405 for the hinged arch, one observes that the fre~uencies obtained from the 
lO-bar distributed mass solution are virtually exact, whereas those obtained 
from the lO-bar concentrated mass solution-are in error from 205 per cent to 
about 34 per cento Furthe~oreJ the lO-bar distributed mass solution is con~ 
sistently superior to the 20-bar concentrated mass solution. The dashed line 
curves in Figs. 402b and 4.3 show the convergence of the solutions as a function 
of the number of bars considered. It can be seen that the distributed mass 
solutions ,are consistently better; however} the improvement over the concentrated 
mass sa2utions is not as pronounced for the fixed-ended arch, Fig. 403, as it is 
for the hinged -arch, Fig~ 4.2b. 
Although the superiority of the distributed mass approximation has 
been demonstrated only with regard to the computation of natural frequencies, 
it is likely to hold true for transient response calculations as well 0 However, 
it is important to note that the solution of the transient problem is complicated 
when the mass is considered to be distributed along the bars. In Item 5 of 
Article 305 it was pointed out that for the concentrated ,mass approximation the 
improved accelerations could be evaluated directly from the forces Wo , V., z. 
J J J 
and Y. by use of E<lso (304) and (3.5) 0 For the distributed mass approx.:i.mation, 
J 
this step >of the procedure would involve the solution of a system of algebraic 
e<luations. In the interest of simplicity it l.s intended to adopt the concentrated 
mass appro~mationo 
403.2 Solutions Based on Inextensional Theory 0 If the dimensions of 
an arch or the loading on it are such that the resulting deformations are pre-
dominantly flexural, then the response of the structure may be determined by 
means of the so-called inextensional theory in which the de forma tion of' the arch 
axis is neglected. 
Let it be assumed that the joints of the substitute framework shown in 
Fig 0 2.1 undergo no axial deformation; then the configuration of the deformed. 
structure at any time can be specified in terms of only z-2 coordinates, where 
z denotes the number of bars. In other words, the assumption of inextensibili.ty 
reduces the number of degrees of freedom of the structure :from2( z-l) to z-2o 
In this case it has been found convend.ent to express the deformed configuration 
of the structure in terms of the configurations of a series of z-2 three-bar 
systems, such as that shown in Figo 4060 This system has a single degree of 
freedom and its configuration can conveniently be specified in terms of the 
rotation of the central element, goo 
J 
The equations for calculating the natural freq:uencies and .. modes o:f 
vibration were derived from Lagrange v s e<luations of motion using g. as a 
J 
generalized coordinate 0 For the case in which the mass is concentrated. at the 
joints, the resulting e<luation for an interior bar j is as follows~ 
2 
-g. 3 + 2(1+2cos~)g. 2 - (3+2cos~)(1+2cos~)g. 1 + 4(1+2cos~+2cos ~)gJ. J- J- J=~ 
- (3+2cos~)(1+2cos~)g. 1 + 2(1+2cos~)g. 2 = J+ J+ 
= 16sin 4(~) A,o [-coscp ; j ~l+~ 2:sj~. "" cos<p· ~ j+]! 
J, 
~ 
i 
l. 
.J 
.39 
If the mass is uniformly di.stributed along the bars ~ then the rig..~t member of 
8 . 4«(j)\ !'" I 2 " 1 
- Sln . -}A. L =; 0 =2cos(j) ~Jo=J.." + 2\ 3+2sin. q;) S J;.' = 2coscp SJo, -:! "" e, 3 2 0 J=2"" '-' .-r-..:, - j+2~'c ( 4,,18) 
For bars near the supports these equations must ~be special.ized to take account 
of the boundary conditionso A detailed derivation of Eqso (4017) and (4018) is 
given in Appendix Bo 
The equations presented above have been used to calculate the na.tural 
frequencies and modes of vibration of the two-hinged. arch considered in the 
previous sections 0 Strictly speaking, these results correspond to a value of' 
the slenderness ratio L Ir = 00 0 Solutions have been obtai.ned for 1.0 and 20 
o 
bars using both the concentrated mass and the distributed mass approximations 0 
The results are presented in Table 4070 Comparing the values for the ei.ght· 
lowest natural frequencies, one observes that a signi:fican.t improvement is 
attained by considering the mass to be distri.bu;ted aJ.ong the 'bars 0 This con= 
clusion is in agreement with that presented previously for the extensi.onal caseo 
404 Approximate Formulas for the Calculatior.:. of Natu:ral Frequen-S,ies 
and Buckling Loads 
In this section are summari.zed existing approx.im.ate formuJ. .. as :for 
calculating the natural fre~uencies and buckl.ing loads of cIrcular arches 0 
A number of d:Lff'erent formulas are aVB,:1.1able for t·W'o=b.inged arehes aJ.ld 
fixed-ended arches 0 Contributions to the sol.uti.or:;. of the natural.f'requenC!y p1"ob-
1em have been made by Den Hartog (2)? Waltking (8) J and Federhofer (3) 0 The 
buckling problem has been d.iscussed by Ratzersdo:rfer (6).9 Funk (4) and Nico:::"ai (5) 
among others 0 Clough (1) has assembled and summarized many of' t.he sign.:ifi.ca'1.t 
results for the latter problemo For the majority of cases, the Haylei.gtl.<=·Ritz 
energy procedure has been used i.n the derivation of these forrnul.as 0 
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The most comprehensive formulas for natural' frequencies are to be found 
in the work of Fe de rho fer 0 They include the influence of external pressure and, 
consequently, are particuiarly useful in correlating the natural frequency and 
buckling load problems 0 All of Federhofer ~ s formulas are based. on the assum.ption 
that during deformation the external pressure remsJ.ns normal to the surface of the 
arch 0 
40401 Two-Hinged Archeso If the arch axis is considered to be irrex.cc 
tens ible , the frequency coefficient, C, corresponding to the first anti symmetrical 
mode of vibration is given by the equation, 
c 
where /'2 = 21r./~ andkoisgivenby Eqo (409b)*0 For an unloaded arch -with an, 
angle o-f o:p~ning'~ 0 between 60 deg. and 270 deg 0 , it has been shown (2) that the 
following formula gives.';'·better·:results,~ 
·2 4 
4 sin2(~ /2) 1099 '1'2 + 10017 '2) C 2 (4020) 0 
'12 + 307 
The buckling load can be obtained from Eqo (4019) by setting C equal. 
to zero and solving for k 0 The resulting equation is, 
o 
k 
o 
2 
'l ~ 1 2 
In addition to Eqo (4021) Ratzersdorfer has presented the following formula 
(\ 2'"') ,,40 ~. 
which gives the buckling load -for the case in which the pressure remains directed 
toward. the center of the arch during deformation, 
2 2 "1)2 (n 12 - ..L 
k - 2 2 0 
n 12 '"" 2 
* By setting k equal, to zero, one obtains one of. the equationsgi ven by 
Den Hartog (2) 0 0 
i h 22') \, . 0 ; 
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The 'quantity, n is to be taken eq.uaJ. to lor 2" whichever gives the lowest value 
for k 0 
o 
For' &l unloa.ded, inextensible arch the frequency coefficient correspond~ 
ing to the first symmetrical mode of vibration is given by Waltking as 
2 2 
'1'1 + '3 + 2, 
The natural f'requency of the first symmetrical, extensional mode of 
vibration is given by Federhoferqs formula)* 
C 2sin(cpo/2) 0,,820(Lo/r)2+4(Y~~1)2Sin2(cpo/2)-4ko(r~~1)sin2(cpo/2) 
000(4024) 
For an unloaded arch, the simplest approximation for the natural frequency of 
this extensional mode of vibration is obtained by assuming that the arch under-
, , ,'. 
goes uniform compression and extension as if it were free to move at the supports 0 
The value of the frequency is 'then the same as that for a complete ring, and i.t 
can be determined from the equation 
From this equation, the following expression is o'btained for the frequency 
coefficient) C, 
L 
C =' [2sin(cpo/2)] I'O 
* For an unloaded arch; k =0, this formula agrees with that preEented by 
Den Hartog 0 Also ,the exp~ession for the buckling load, ,obt.a.ined by setting 
C equal to zero and solving for k
o
' is identical with that given by Clougho 
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4.402 Fixed-Ended .Arches" The equation for the' .natural frequency of 
the first antisytmIletrical, inextensional mode of vibration is not as convenient 
as for the other cases 0 The calculation involves the solution of a 'quadratic 
equation inC2 ,. With the notationCl = cj4 Sin
2(cpo/2)J the eCluation is, 
where 
2 16 48 
81 = 165 - --- + 4 15cp~ CPo 
2 
2 1 ,"CPo 
83 = - 33 ('5 + 78") 
(4.26) 
8 1 (2- _ 368 + 816) 
7 11 117 65CP~ CP~ 
2 ' 
2 5 CPo 
- 2145 (3 + 31+) 
For an unloaded arch numerical results have been tabulated by DenHartog (2) and 
Federhofer (3). .As noted previously, the buckling load can be determined by 
settingC eClual to zero; it is found that the numerical solutions agree very 
well with the exact solution of the differential equationo The exact solution 
is given (.6) .by:the following transcendental equation: 
g tan( cp /2) = tan( gcp /2) 
o 0 
where 21 + k 0 g = 0 The buckling problem for the case in which the pressULre 
remains directed toward the center of the arch during deformation has been dis-
cussed:by, Ratzersdorfer. Numerical results for several angles of opening have 
been presented in (6). 
'l~ 
I. 
i 
.. 
J 
If the axis of the arch .is considered to be extensible, the :freCluency 
of the first symmetrical mode of vibration is given by the equation, 
L 2 .. - . 
C - 2sin( q>o/2) 3<rO) +~( 4i~ _i}2sin2( tVo / 2 ) - ~ko( 41i -3) sin2( ~ 0/2 )+ ~Sin2( cp 0/2) 
o 0 0 ( 4028) 
This reduces to Den Hartog~s equation for the unloaded arch, and the expressi.on 
for the buckling load obta.ined therefrom is the same as that derived by Clough 0 
4" 5 Effect of Slenderness Ratio 
The diagram in Fig." 407 is reproduced from Waltking g s paper to show 
. . 
the influence of the slendernes~ ratio on the natural frequencies of an arch 0 
In this diagram the four lowest natural freCluencies of the particular two-hinged 
arch analyzed in this· report are· plotted as a function of L /r o. The solid lines 
. . . 0 
represent exact solutions, whereas the two broken lines through the origin 
represent approximate solutions corresponding toa mode of vibration which is 
symmetrical about the center line and predominantly extensionalo 
The curves identified as Eqs·o (4,,24) and (4~25) are plots of these 
equations with ko equal to zeroo It is noted that the frequency determined 
:from theseequatiqns does not always represent the lowest freq,uency for a sym~ 
metrical mode of vibration. In fact, for large slenderness ratios it can be 
significantly larger than that corresponding to an inextensional mode of vibration 0 
For slender arches the natural frequencies are practically independent 
. . 
of the value ofL/ro Referring to Fig" 407, one observes that for the freCluency· 
o 
. . 
corresponding to ·the first antisymmetrical mode of vibration this is true for 
almost the entire range of Lo/r J whereas for the frequencycorre~ponding to the 
. second antisymmetricalmode it. is true for' values greater than about 8o" For 
. . 
the first and second. ?isymmetrical freCluencies~', L /r ceases· to havean.y effect 
.. 0 
for values greater than ·about 100 and 250 , respectively.. Therefore, the natural 
frequencies of slender·arches may be determined from theinextensional theory 0 
It can further be seen from Figo 407 that the lowest natural frequency 
of this particular arch has an antisymmetrical mode of vibration ifL Ir is 
o 
greater than about 20 and a symmetrical mode if' L Ir is less than this va.lue 0 
o 
In general., the natural mode associated with the lowest natural frequency may 
be symmetrical or antisymmetrical depending on the value of the . ~9slenderness 
ratioUU 0 The same situation is also true with regard to the buckling problemo 
The particular conf'igurationwhich is associated with the lowest natural 
frequency or buckling load. of an arch of any dimensions can be determined from 
Figo 408 in which the angle of opening, ~ ~ is plotted as ordinate and the 
o 
slenderness ratio, L Ir, as abscissao The upper chart is to be used for two-
o 
hinged arches and the lower chart, for fixed-ended arches 0 Either chart is 
entered with the dimensions of the particular arch to be investigated 0 If the 
point on the chart which corresponds to these dimensions falls above the broken 
line) the buckling configuration is antisymmetrical J while if this point falls 
below the broken line, the buckling configuration is symmetrical 0 Points on 
the line represent the dimensions of arches for which symmetrical buckling is 
as likely to occur as antisymmetrical bucklingo The solid line curve applies 
to the natural frequency problem and ha.s the same significance as the dashed 
line curve 0 That is, the lowest natural frequency of arches represented by 
points above the solid line is associated with an antis:ymm.etrical mode of vibra= 
tion, while a symmetrical mode of' vibration is associated with the lowest 
natural frequency for" arches which are represented by points below this line 0 
For arches which are represented by points on the solid transition 
line, the frequency of the first symmetrical mode is the same as that of the first 
antisymmetrical modeo This fact has been used in evaluating the points which 
fallon this line 0 For example, to c.alculate the values of q> and L Ir which 
00 
lie on the transition line for two-hinged arches} Eqso (4019) and (4024) (with 
k eClual to zero) were set eClual to each other 0 The resulting equation involves 
o 
only the angle of openinga.nd the slenderness ratio as variables 0 Then, for 
arbitrarily selected values of' cp J the correspond:i.ng values of' L /r were deter~ 
o 0 
mined~ For fixed-ended arches the same general procedure was followed making 
use of' the numerical solutions for the first antisymmetrical frequency presented 
by Den Hartogo These solutions were equated to Eqo (4028) for corresponding 
values of ep and k 
o 0 
OJ and the resulting equation was solved for L /r 0 An 
o 
analogous procedure was uSed to find the points on the trar~ition curve for the 
buckling problema 
TABLE 401 NATURAL FREQUENCIES OF A TWO-HINGED UNIFORM CIRCULAR ARCH 
h/L = 0.2; L /r = 100 
o 0 
Number of 
w = .£.. ~EI 
L2 iJ. 
o 
Bars Values of Frequency Coefficient, C 
( a) Antisymmetrica1 Modes 
4 23084 288.7 
6 26017 8703 30007 
8 27·01 10206 17804 30602 
10 27040 11002 21207 311.0(?) 
12 27061 11406 23301 310.5 
16 27083 11900 25402 31306 
20 27093 12101 264.2 31504 
Extrapolated* Values Based on Solution for~ 
10 and 12 28009 125 280 
16 and 20 28011 125 282 319 
Values Obtained from Wa1tkingis Paper~ 
00 I 28.1 123 
* Using Richard.son 9 s L 2 ... Extrapolation Formu1ao 
Note~ 
29500 
35409 441 
41905 580 
45205 655 
491 
511 788 
717 
851 
1090 
663 
769 
809 
829 
840 
851 
863('1) 
864 
Values followed by ('?) appear to be incorrect JJ probably due to round.~off errors c 
1045 
1204 
1282 
1326 
808 1371 
1042 1392 
1430 
1460 1430 
'':=-:::-''-1 .. ~. ~~." "':"~.fl'"1:""'~ ~"I>~JlKJ ............ MISIWW.etl IOIA.JIU....,-.JI z-D -..... O ... V IfI'!IIft .... _ 
~ 
TABLE 401 (Continued) 
Number of 
Bars Values of Frequency Coefficient, C 
(b) Symmetrical Modes 
4 4303 11906 51103 
6 5407 108.8 12800 54908 938 
8 5809 12601 14801 201Q9 56404 1026 
10 6009 128 0 l~ 16506 2606.1 32001 57106 1068 
12 6200 129 01~ 17601 29605 40300 57509 465 1092 
16 6301 13004 18700 33605 50004 58003 654 770 833 1116 
20 6306 13058 19203 35603 54909 58401 758 954 1119 1129 
Extrapolated.* Values Based on Solution for ~ 
10 and 12 6405 132 200 379 591 586 1150 
16 and. 20 6405 132 202 392 638 591 945 1280 1630 11.50 
Values Obtained from Waltkingis Paper~ 
00 J6405 132 
* 2 Using Richardson r s L ... :E::x:trapolation Formulao 
£i 
TABLE 4~2 NATURAL FREQUENCIES OF A FlXED""ENDED UNIFORM CIRCULAR ARCH 
h/L = 002; L /r = 100 
o 0 
Number of 
w = .£.~EI L2 IJ. 
o 
Bars Values of Frequency Coefficient, C 
( a) Antisymmetrical Modes 
10 42032 12706 22306 29605 315q3 
--"'" 829 
12 43038 135.07 249·6 312.2 367Q8 444 840 
16 44.50 144.6 276.6 31907 44609 599 852. 
20 45004 149·1 28706 326.4 49006 689 854 
.Extrapo1ated* Values Based on Solution forz 
10 and 12 45·79 154 309 348 487 =-= 864 I 
16 and 20 46000 159 313 338 568 848 858 
(b) Symmetrical Modes 
10 7203 12908 183$8 26804 32101 57108 =-"" 
12 7408 131.2 19905 31208 410.0 576.3 465 
16 7705 13206 21704 36506 52201 58104 668 
20 7808 13303 22606 39308 57107 59802 789 
Extrapo1ated*.Va1ues Based. on Solution forb 
10 and 12 8005 134 235 414 612 587 ="'""" 
16 and. 20 8102 134 243 444 660 628 1003 
~-
* Using Richardson W s L 2 ... Extrapolation Formulao 
---
-_ ... 
727 
887 
... -... 
1170 
~OEL,?" 
=-"" 
775 
975 
-~-
1330 
---==-== 
---
---
811 
1059 
- .. = 
1500 
1068 
1092 
1116 
1121.\-
1150 
1150 
1282 
1326 
1371 
1393 
1430 
1430 
"" .... -
-""-
833 
1136 
_~(;"n 
1670 
I 
I 
I 
I 
.1=" 
()) 
I 
TABLE 403 BUCKLING LOADS OF A TWO-HINGED UNIFORM CIRCULAR ARCH 
h/L = 0.2; L /r = 100 
o 0 
EI P = k . ....."., 
cr 0 R3 
I Number of Values of Buckling Coefficient, k Bars 0 
(a) Antisymmetrical Modes 
4 13022 6tp.c.l~ 144,400 
6 14074 46024 325J 900 
8 15030 54067 94004 580,100 
10 15.56 58094 112057 155,,95 cict~~ -~~ od_o.a. 906,900 
12 15071 61.37 123075 186013 231081 <lD_= l,305 J 500 
16 15086 63086 135069 220.44 305019 3TIo05 425006 2,317,000 
20 15·92 65.03 141052 237,,91 3.44077 
. ~.: 
451.63 548004 624055 673 067 3,621;900 
Extrapolated* 'Values Based on Solution for~ 
10 and 12 16004 66089 149015 254072 p:oOlD~ 
16 and 20 16004 67 012 151089 268094 415013 584022 766067 
(b) Symmetrical Modes 
4 23021 c:ooqQllP 1; 214"J+ 
6 30028 57076 .1,27'604. 
8 33010 75092 106011 1,29806 
10 34047 85067 136073 168028 1,309·0 
12 35023 91.36 156000 211096 244027 ]" 31ho 7 
16 35499 9:029 ITT .18 263.62 343047 404659 437·67 . apCXI<;::l 1,32004 
20 36035 100014 187·72 290063 398084 501075 589 030 652090 686034· 1,32300 
Extrapolated~ Values Based. on Solution for~ 
10 and. 12 36095 104029 199080 311.023 1,327 08 
16 and. 20 36098 105021 206046 338065 497028 6174048 858.86 . IJ 32706 
-~~ - .~-
* Using Richardson ~ s L 2 ~Extr.a,po1ationFormulao 
Q/tl..-d::;. 
""-~ 
14.4,400 
325,900 
580,100 
907,000 
1;306 ,500 
2,321,800 
3 J 628,9 )-J.QO 
\5 
TABLE 404 BUCKLING LOADS OF A FIXED..oENDED UNIFORM CIRCULAR ARCH 
h/L = 0.2; L /r = 100 
o 0 
EI 
-k -Pcr - 0 R3 
Number of Values of Buckling Coefficient, k Bars 
( a) Antisymmetrical Modes 
10 31·99 83.01 134006 165·91 
12 32·76 88·71 153·30 209·28 241 .. 91 .. _-
16 33054 94 .. 65 174.48 ·260.90 340.75 401.90 435.31 
20 33·90 97050 185002 287·92 396.11 499002 586057 650021 
Extrapolated* Values Based. on Solution for~ 
10 and 12 34051 101.66 197003 307.85 
16 and 20 34054 102&57 203·76 335·96 494053 671~68 855048 
(b) Symmetrical Modes 
10 48.55 102.42 147·17 169087 
12 50077 113000 175042 222.61 245~80 
16 53·08 124050 208050 292056 364.40 414055 438098 
20 54019 130016 225054 331005 436.43 531069 608042 661.04 
Extrapolated* Values Based. on Solution for~ 
10 and. 12 55082 137005 239 062 342.47 
16 and. 20 56016 140 0 22 255083 399048 564048 739094 909065 
* Using Richardsonvs L2-Extrapolation Formula 0 
0 
906,200 
1}306,200 
2,318,600 
683·98 3,627,500 
1,362.0 
1,38209 
1,42107 
687033 1,468.6 
1,4-30 
1,552 
.......... 
906,900 
1,306 J 500 
2,321,800 
3,628,300 
~~~ 
-VI 
o 
I 
TABLE 405 NATURAL FREQUENCIES OF A TWO~HINGED UNIFORM CIRaITLAR ARCH 
Mass Distributed 
Number of 
h/L = 002; L /r = 100 
o 0 
w = ..£....{¥I L2 ~ 
o 
Bars Values of Frequency Coefficient; C 
( a) Antisymrnetrica1 Modes 
4 27.88 320.7(?) 
6 28005 12008 31801 
8 28009 12309 268.1 31800 
10 28009 12405 27705 32007 46802 
12 28010 1240 rr 27907 32100 49806 715 
16 28010 12408 280·9 32008 51201 787 1090 
20 28.10 124<>8 28101 32005 51406 800 1142 
Extrapolated* Values Based. on Solution for~ 
10 and. 12 28011 12409 28107 321 527 
16 and 20 28.10 12408 28102 320 516 809 lrr8 
Values Obtained from WaltkingV s Paper~ 
00 2801 123 
("b) Symmetrical Modes 
4 62<>03 124.8 646.0 
6 64.23 13203 17701 61601 
8 6404D 132QO 196 0 7 33309 60304 
10 64044 13109 20002 37603 53709 59707 
12 64046 131.8 201.2 38701 58700 59003 'T88 
16 64,,48 13107 20107 39200 620.8 58802 939 
20 64049 13108 20109 39300 63007 58606 965 
Extrapolated.* Values Based. on Solution for ~ 
10 and. 12 64).~8 13107 202 397 633 583 
16 and 20 64050 13109 202 394 638 585 983 
Values Obtained. f'rom WaltkingVs Paper~ 
00 I 6405 132 -~= 
Using Richardson is L"=Ext;rapo1ation Formula. 
1002 
958 
917 
901 
890 
880 
816 
881 
872 
1231 
1327 
1390 
1347 
1517 
1634 
..,o,~ 
1425 
170h 
1900 
1688 
1645 
1582 
1538 
1442 
1468 
1497 
1451 
1337 
1270 
1228 
1204 
1179 
1168 ' 
1180 
1160 
\Jl 
t-=' 
TABLE 4.6 NATURAL FREQUENCIES OF A FIXED~ENDED UNIFORM CIRCULAR ARCH 
Mass Distributed. 
hlLo = 002; Lolr = 100 
w = '£VE1 L2 IJ. 
a 
Nuniber of 
Bars Values of F~eQuency Coefficient) C 
( a) Antisymmetrica1 Mod.es 
10 43051 14400 286.4 32709 47400 901 1582 
12 44025 14708 29106 33206 51402 719 891 1538 
16 45001 15109 29509 33807 54405 81.0 881 1103 1492 
20 45037 15309 29706 342.1 557 6 9 837 879 11'75 1468 
Extrapo1ated.* Values Based on Solution for ~ 
10 and 12 I 45092 156 301 343 606 867 1440 16 and. 20 46.02 158 304 348 582 88i+ 874 1300 1430 
(b) Symmetrical Modes 
10 7602 13500 221.0 387'00 59802 53902 1228 
12 7706 1.3408 22767 4D700 59005 62502 789 1204 
16 1901 134u'T 23)+· 7 42595 58802 67505 957 1179 1239 
20 7909 13406 23802 43405 58606 69409 1002 1168 1355 
Extrapo1ated.* Values Based on Solution for ~ 
2h3 452 5F(3 1149 
16 and 20 8102 134 2)+4 4·50 584 1081 1082 1148 1560 
1350 
1540 
1880 
1426 
1'"(20 
2240 lO and. l2 ~~ 134 
_~~=---.c..= .. -=' =.:;....==-::-...:;_';;:=~.=';=~ __ -~~~=.~_ =-~.~~_ 
* Using Richard.son is L 2~Extra:POlation :Fo;rmula. \.,n 
f\) 
Number of 
Bars 
10 
20 
10 
20 
'I'ABIE 407 NATURAL F-:REQUENCIES OF A TWO""HINGED UNIFORM CIRCULAR ARCH 
h/L = 0020; Axis Inextensible (L /r = 00) 
a a 
Mass 
Cone. 27023 10907 
Distro 27092 12309 
Conco 27 0 96 12104 
Distro 28013 12502 
Conca 6105 159 0)+ 
Distro 6503 19209 
Conco 6803 18609 
Distro 6903 19601 
w = ..9-_ VEl 
L2 II 
a 
Values of Frequency Coefficient, C 
( a) Antisyrrunetrica.l Modes 
21107 29403 ~~= -== 
27908 461j.oO -~= ~=-
26'""( 02 4·5009 65)+06 85803 
28701 51209 80001 1141 
("b) S:ymmet.riea~l Modes 
257 05 3rr 07 =~= e:>~c...~ 
3710 j+ 53308 === =-= 
35309 54804 cf57 953 
39001 64700 963 1324 
- - - ---- --
=== 
-== 
1042 
1516 
==~ 
==~ 
1120 
1703 
=-"" 
~.-JQq> 
1188 
1882 
-~= 
=c::.oN) 
1242 
2039 
-cO.,., 
-=-
1281 
2164 
=== 
=""= 
1306 
2244. 
~-. 
\Jl 
\JJ 
'WI "'2 W3 VI V2 v} 
Wl - Direction 
~ 1;-~-~lH4 2 ~ 
v
1 
_ Direction :- + Pc: ~ + nAT c H;t2 + p) I r~c I :::I 
nAT 1~~H-~(2-~-~~ + ,JjTT I 2p + c2H -p I 1~~2 I =* 
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FIG. 4.-6 GENERALIZED COORDINATE USED IN ANALYSIS FOR AN INEXTENSIBLE ARCH 
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APPENDIX A 
NATURAL FREQUENCY EQUATIONS ,FOR DISTRIBUTED MASS ,ASSUMPTION 
Lagrange v s equations of motion as applied to joint j of the arch are ~ 
d OT oT 
dt(dv":") - dv":' = Y 0 + V. j J J J 
where T, the total kinetic energy of the system,is obtained by Summing the kinetic 
energies of the individual bars 0 
. where 
The kinetic energy of bar j is 
L 
J 1 (.2 .2) Tj = 2 ~ x + Y ds 
o 
x = component of displacement of any point of barj in a 
direction parallel to the bar, 
y = component of displacement of any point of bar j in·a 
direction perpendicular to the bar 0 
The displacement of any point on the bar is 
x = x. 1 + -Ls(x. - xo. 1) J- J J-
where xjand Yj are the components of displacement at joint j in a direction 
parallel to and perpendicular to the bar , respectively 0 Therefore, 
. L 
T j = ~ IJ. J {rXj _1+ ~(Xj - Xj _1 ) f + [Yj - 1+ i;(y j - Yj - 1 ) ]2}dS 
o 
which;a:fter integration; yields 
66 
The x and y displacements at the ends of the bar can be expressed 
in terms of the radiaJ. and tangential displacements at the joints as follows ~ 
x. 
J 
Substitution of these expressions into the equation for To yields 
J 
( 0 0 ) cp] 2 1 [ (0 0 ) cp ( 0 0 ). cp] 2} + Vj - v j _l cos 2 + 3 Wj ~ 'Wj _l cos 2 - Vj + v j _1 s~n 2 
By forming the expression for the total kinetic energy of the system and by sub= 
stituting it into LagrangeVs equations, one obtains the following general equa= 
tions of motion: 
where Zj' Yj , Wj and Vj are given by Eqso (3.6)J (307), (3.12) and (3ol3)J 
respecti velyo Thes,e equations are expressed in terms of the VI and v displace-
ments by the same procedure described in Section 401 where the natural frequency 
equations are derived for the concentrated mass assumptiono 
The resulting equations are: 
+ rev. 2 - e(2 + p}v. 1 + e(2 + p)v~ 1 - eVj 2J J- J- J+ + 
= A. i {[ W j-l cosql + 4w j + W j+l cosqll + [v j-l sinql - v j + lsintp l} 
+ k{[-(2 +1/C2 )Wj _1 + 2(1/C
2 )Wj - (2 + 1/C
2)Wj+ll 
+ [-CVj _1 + CVj+l~ ( 4 .. 15) 
+ [-e2Vj _2 - pVj _1 + 2(p + c
2)Vj - pVj +1 - e
2
vj +2] 
= A. ~{( -wj_1Sinql + wj+1sincpJ + [Vj_1COSql + 4Vj + Vj+1COSqll} 
+ k {[ cWj _1 - cw j+ll + [-Vj _1 + 2vj - v J+l1} (4.16) 
APPENDIX B 
NATURALFREQ,UENCY EQUATIONS FOR INEXTENSIONAL THEORY 
Bol Concentrated Mass Assumption 
It is first necessary to develop expressions for the rotation ~. and 
J 
the displacements w. and Y. in terms of the rotations 5 of the elements of the 
J J 
three-bar system sho'WD. in Fig 0 4060 Let 
e<luations: 
radial displacement of joint i of three-bar system with 
central element j (i=jor i=j-l) 
tangential displacement of joint i of three-bar system 
with central element j (i=j or i=j-l) 
5j = rotation of central element j 
rotation of bar i of three-bar system due to rotation of 
central element j (i=5 .... 1 or i=j+l) 
The inextensibility of the system is expressed by the following 
Bar j-1: 
Bar j: 8. 
J 
Bar j+1: ~ j cp j.cp o = -Y cos - + W Sln - = 0 j+1 j 2 j 2 
The rotat ions of the bars in the three -bar system are ~ 
1 [( j . j ).. cp (j j) cp] 5j = L Vj + Yj - l Sln 2 - Wj - wj _l cos 2 
Regarding 5. as the only knO'WD. ,!uanti ty in the above system of six 
J 
e '!uat ions , one deduces that} 
j ;j 1 £j ;j+l = -j-l 2 cos cp 
w~ j L cos cp/2 ;j - w' l J J- 2 cos cp 
y~ j L sin p/2 ~j vOl J J- 2 cos cp 
The ~ollowing e~uation for total rotation of bar j is obtained by 
adding the contributions of all of the three-bar systems 
Conse~uently J 
1 
VJo = 2 [- £" 1 + 2coscp£0 - s. IJ coscp J- J J+ 
The total displacements are found in ·a similar manner 0 Thus, 
w~ '+1 L COSCPL2 ( ;j) w. + w~ = -J J J 2 cos .cp S j+l 
v
j "+1 L sin PL2 (Sj+l + ;j) v. + v~ = -J J J 2 cos cp 
For the derivation of the·. e~uations for natural fre~uency, it is con-
venient to use Lagrange's equations of motion in .the following fo:rm~ 
d dT oT oU 
dt (6[:) - df" + ~ = 0 
J J J 
where T is the kinetic energy and ~ the strain energy of the systemo There is 
assumed to be no external pressure. The strain energy consist.s entirely of 
energy of bending at the joints 0 For joint j the strain energy is 
Substitution ofEqo (B 0 1) into this expression yields, 
U. 
J 
ElL 2 
--2- [;. 1 - (1 + 2 coscp);. + (1 + 2 cos cp)£. 1 - ;02] ,,(B o 3) 8 cos cp J- J J+ J+ 
70 
Adding the strain energies of all of the joints and differentiating wi thres:pect 
to S j J. one obtains, 
~ = EIL2 :[-g. 3 + 2(1 + 2 cOSCP)SJ'_2 - (3 + 2 coscp)(l + 2 cosCP)SJ'~l 
Sj 4Lcos cp J-
+ 4(1 + 2 coscp + 2 cos2cp)~. - (3 + 2 coscp)(l + 2 coscp)g, _ 
J J+~ 
+ 2(1 + 2 coscp)s, 2 - g. 3] J+ J+ 
The kinetic energy at each joint is given by the equation, 
1 ., (02, ,,2) 
T, = -2 IlL w. + v. J r- J' J 
which, after substitution of Eqs 0 (B·. 2) J takes the form 
T, 
J 
\J.L3 2cp . 0 2 . 2 P. • 0 2 ~~2- [cos 2( s, 1 - S.) + Sln 2( g. 1 + ~.) ] 
8 cos cp J + J J + J 
(B.5) 
By forming the expression for the total kinetic energy and substituting it into 
LagrangeVs equations, one obtains the equations of motion in terms of S. and its 
J 
derivatives. Equation (4017) is obtained by letting r. 
J 
2 
- Ws .0 
J 
B.2 Distributed Mass Assumption 
The strain energy is independent of the assumption made regard.ing 
the distribution of the masso Consequently, Eqo (Bo4) is applicable to this 
case 0 Also, the kinetic energy is given exactly by Eqo (A"l) 0 
Substitution of Eqs" (B.2) into Eqo (Aol) yields 
T. 
J 
\J.L
3 t'4~2s1'n2 cp cos2 cP + [(e ~ ) cos2 ~ 2 ::, . '2 '2 ::, '+1 - s· 2 8 cos cp J J J 
1· .. 2 9? 0 "0 • 2 P. 
+ -3 [(;, 1 - 2S. + g, 1) cos 2 + (S, 1 + 2;, + s. 1) Sln 2] 
. J- J J+ J- J JoO-
2} 
Proceeding as in the previous case, the equation for free vibration is found to 
be given by Eq. (4.17) with its right hand member replaced by Eqo (4~18)o 
